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Abstract
Parameter identiﬁcation of linear time invariant (LTI) dynamic system using extended Kalman ﬁlter (EKF) are presented in this
work. The eﬃciency of the EKF is demonstrated using non-stationary responses. For this purpose, a three storied steel frame is
used in the laboratory and the recorded ground motion is applied to measure the acceleration response at the top. Using these
responses, the EKF based predictor-corrector algorithm is applied to identify the model parameters. It has been observed that EKF
based identiﬁcation scheme may converge to diﬀerent system matrices (i.e. stiﬀness) for diﬀerent experimental results of the same
structure. However, their eigen values (i.e. natural frequency and mode shape) remain same.
c© 2016 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the organizing committee of ICOVP 2015.
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1. Introduction
The Kalman ﬁlter (KF) [1] which is essentially a method of sequential least squares estimation, successfully ap-
plied in many applications in structural engineering like system identiﬁcation, damage detection among many others.
Hoshiya and Saito [2] introduced this method to evaluate the structural condition. They used a modiﬁed version of
the original Kalman ﬁlter, aka Extended Kalman ﬁlter (EKF) where the state vectors are augmented with unknown
parameters as proposed by Kalman and Bucy [3]. In their study, Hosiya and Saito [2] used simulated response of
three degrees of freedom system (dof) to identify the stiﬀness and damping. They also used this technique to identify
the hysteresis parameter of a nonlinear system. Xia et. al. [4] proposed an exponential forgetting factor to improve
the performance in EKF for faster convergence. Lin and Zhang [5] used EKF to identify the parameter of Bouc-Wen
hysteresis model where simulated earthquake response is used as input. In this study, a general trend was shown where
a higher magnitude of forgetting factor resulted in a faster and accurate convergence. Sato and Sato [6] introduced the
idea to use neural network instead of forgetting factor for the estimation of state. They used the simulated response of
a two-dof nonlinear system to update the state vector. They also used a response of a building using a eight-dof model
with nonlinearity. In this case the estimated displacement and the force-deformation hysteresis are compared with
∗Corresponding author. Tel.: +91-361-258-2450 ; fax: +91-361-258-2440.
E-mail address: s.mahato@iitg.ernet.in
 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of ICOVP 2015
361 Swarup Mahato and Arunasis Chakraborty /  Procedia Engineering  144 ( 2016 )  360 – 365 
their original value to prove the eﬃciency of their method. The Extended Kalman ﬁlter is also used for parametric
estimation and damage identiﬁcation of diﬀerent structural system as studied by Corigliano and Mariani [7], Yang
et. al. [8], Gao and Lu [9] and Ghanem and Ferro [10]. However, these methods required evaluation of the Jacobian
matrix of the state space representation of the dynamical system. Ghosh et. al. [11] proposed a linearization scheme
to bypass the evaluation of the Jacobian matrix in each iterations of the Kalman ﬁlter based identiﬁcation. They pro-
posed two diﬀerent linearization scheme where the nonlinear state vector are replaced by a time invariant linearized
vector ﬁeld where the linearization are adapted either in single or multiple step through Magnus’ expansion. Their
study shows the transverse linearized scheme achieved faster convergence than the traditional implementation of EKF
through the evaluation of Jacobian matrix. Tipireddya at. el. [12] identify the time varying parameter of a structure
subjected to moving load. They used both static and dynamic response for the parameter estimation. Saha and Roy
[13] proposed a derivative free local linearization scheme to avoid the calculation of Jacobian in each steps of Kalman
ﬁlter implementation. Their study shows that a better eﬃciency could be achieved with a higher order of DDL. Zhou
et. al. [14] used the weighted EKF method for time varying parameter estimation of three dof shear building model
subjected to both stationary and non-stationary input. All these studied were mostly focus on the numerical imple-
mentation of the Kalman ﬁltering to estimate the unknown parameters of structural systems. All though they studied
the relative convergence of diﬀerent proposals, the authors had a prior idea of the system parameters. However these
may not be available during the ﬁeld implementation of Extended Kalman ﬁlter.
With these in view, the objective of the present work is to study the sensitivity of the Extended Kalman ﬁlter
based identiﬁcation scheme for parameter estimation of structures subjected to non-stationary earthquake excitation.
For this purpose a three storied steel shear building model is used in the laboratory to measure the responses due
to recorded earthquake. The structure is excited using a uni-axial shake table and the acceleration response at each
story is measured using force balance accelerometer. Using these responses, the study aims to investigate the overall
convergence and eﬃciency of the EKF based identiﬁcation scheme.
2. Overview of Extended Kalman Filter
Let us consider a multi-degree of freedom dynamic system whose equation of motion is expressed as
Mu¨(t) + Cu˙(t) +Ku(t) =M{ι}u¨g (1)
where, M, C and K are mass, damping and stiﬀness matrices respectively. In Eq. (1) u¨, u˙ and u are acceleration,
velocity and displacement respectively, where u = [u1, u2, u3, ..., un]T and n is the dof. The vector ι and u¨g represent
the inﬂuence vector and the ground excitation respectively. The governing equation of motion in Eq. (1) can be
represented in state-space in the following form
dX(t)
du
= g(X,f,t) + w(t) (2)
where, f is external force in dynamic system (i.e. here it is M{ι}u¨g) and w(t) is the model noise. It may be noticed that
the dynamic state in Eq. (2) is given by
X(t) =
{
uT , u˙T
}
(3)
The respective time discretized observation equation is given by
Yi+1 = h (Xi+1, fi+1, ti+1) + ηi+1(t) (4)
where, Yi+1 is the observation vector at ti+1. The covariance matrix of the Gaussian measurement noise (i.e. ηi+1)
is expressed as E
[
ηkη
T
j
]
= Riδk j. Here, E[·] represents the expectation operator and δk j is the Kronecker delta. To
apply estimation theory in EKF, the non-linear term (i.e. g(X, f, t), h(X, f, t)) in Eq. (2) and (4) are linearized by
Taylor’s expansion around the estimated state (Xˆ) in each iteration. In this case, Taylor’s expansion upto second term
is considered and G(i|i) and H(i+1|i) is Jacobian matrix of the state and the observation equations respectively. In each
iteration, state X(i+1|i+1) is evaluated by minimizing the sum square error of observation Y(i+1) and predicted state
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X(i+1|i). In iterative way one may write this relation as given by
Xˆ(i+1|i+1) = Xˆ(i+1|i) + K¯i+1
[
Yi+1 − h
(
Xˆi+1|i, fi+1, ti+1
)]
(5)
Here, Xˆ(i+1|i) is the estimated state at (i + 1)th time instant which is given by
Xˆ(i+1|i) = Xˆi|i +
∫ ti+1
ti
g(·)dt (6)
The Kalman gain K¯i+1 in Eq. (5) is evaluated by [8]
K¯i+1 =
∑
(i+1|i) H
T
(i+1|i)
[
H(i+1|i)
∑
(i+1|i) H
T
(i+1|i) + Ri+1
]−1
(7)
In the above equation
∑
(i+1|i) is the error covariance matrix of Xˆ(i+1|i) and is given by
∑
i+1|i = Φi+1|i
∑
i|iΦ
T
i+1|i + W˜i (8)
Here, Φi+1|i is the state transition matrix of the linearized system which is evaluated as
Φi+1|i ≈ I + Δt.Gi|i (9)
where, I represents the unit matrix. The error covariance matrix is given by
∑
i|i =
[
I − K¯iHi|i−1
]∑
(i|i−1)
[
I − K¯iHi|i−1
]T
+ K¯iRiK¯
T
i (10)
Finally to identify the parameter, the state vector is modiﬁed with unknown parameters as follow
X(t) =
[
uT u˙T θT
]T
(11)
in which, θ = [θ1, θ2, ..., θn]T is the n unknown system parameters. This can include any system parameters e.g.
stiﬀness, damping etc. With the augmented state vector, the algorithm mentioned in Eq. (2) to (10) are used to
identify unknown θ.
3. Result and Discussion
A laboratory model having three stories is used for numerical evaluation of the above algorithm. The model is
tested on a uni-directional shake table using recorded earthquake accelerogram at El-Centro on 1940. The plate
dimensions of this model at each ﬂoor level is 600 × 300 × 10mm and the column dimension is 600 × 30 × 10 mm.
The model is shown in Fig. 1. The base is rigidly ﬁxed with the shake table to smoothly transfer the vibration from
the table to the model.
Table 1 shows the stiﬀness at diﬀerent stories and the natural frequencies. The density of the steel is assumed to
be 7800 kg/m3 and the yield strength of steel is considered to be 250 MPa. Fig. 2 shows the base excitation and
measures response at the top ﬂoor. Using this recorded acceleration at the top, EKF algorithm is as described in
Eq. (2) to (10) is applied to identify the stiﬀness values at diﬀerent ﬂoor levels. For this purpose, an initial guess
of 60000 N/m is made for all the stiﬀness (K1,K2,K3) while the error covariance of the model noise is assumed to
be 106. Using these values, the predictor-corrector algorithm is adapted for each time step and the updated stiﬀness
values are recorded. Fig. 3 shows the identiﬁed stiﬀness values and compared with their original values. It is observe
that stiﬀness at each ﬂoor level converges to 51770, 57267 and 66108 N/m respectively. Using these values the
natural frequency of the system are evaluated for test 1 and is shown in Fig. 4. Three natural frequencies identiﬁed
using EKF algorithm are 4.25, 12.41 and 18.04 Hz. Table 1 shows the diﬀerent parameters estimated from diﬀerent
test results using same excitation. The data shown in this table reveals that the stiﬀness at diﬀerent ﬂoor level may
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Fig. 1. Laboratory model
Fig. 2. (a) Base excitation and (b) Recorded and estimated response of top ﬂoor
Fig. 3. Stiﬀness values for Test 1
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Fig. 4. Natural frequencies for Test 1
Fig. 5. Mode shapes of (a) 1st,(b) 2nd and (c) 3rd mode
converge at diﬀerent values in diﬀerent test. However, the eigen solution obtained using these stiﬀness values closely
match with their original values. The maximum error in third natural frequency is reported to be 9.1% in test 1 while
errors in ﬁrst and second natural frequency estimation lie in 2% to 3%. Fig. 5 shows the mode shape obtained using
the estimated stiﬀness parameter from test 1. It can be observed that estimated mode shape closely match with their
original values justifying the EKF based identiﬁcation scheme. Finally the estimated acceleration at the top ﬂoor using
EKF algorithm is compared with the recorded one as shown in Fig. 2.b. It may be observed that the estimated state
also closely match with the measured state which, intern, advocates the accuracy of EKF based state estimation. In
this context, it may be concluded the dynamic characteristic of the identiﬁed structure match with their original values
as there is a convergence in eigen value estimation. Therefore, EKF based algorithm can be successfully implemented
in parameter estimation of linear time invariant system and the results can be used for diﬀerent engineering application
like damage detection and vibration control where natural frequency and mode shape are the two key parameters for
decision making.
Table 1. Identiﬁed system parameters
Parameters Original Test1 Test2 Test3
K1 (KN/m) 41.99 51.77 48.91 50.69
K2 (KN/m) 76.84 57.27 61.32 56.60
K3 (KN/m) 74.81 66.11 66.48 67.83
ω1 (Hz) 4.16 4.25 4.23 4.22
ω2 (Hz) 12.81 12.41 12.39 12.42
ω3 (Hz) 19.85 18.04 18.33 18.08
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4. Conclusion
In this work the convergence and eﬃciency of EKF is studied using laboratory model excited by recorded non-
stationary ground motion. It is observed that the algorithm convergence to diﬀerent values of system parameters (i.e.
stiﬀness) in diﬀerent test with same initial guess. However, the eigen solutions of this system matrices for diﬀerent
test cases converge to its original value. This, in turn, indicate that the linear dynamic characteristic of the structure
remain same due to the convergence of eigen solution (i.e. natural frequency, mode shape). It is also reﬂected in the
updated states of the dynamical system. Therefore, it may be concluded that the use of EKF for the purpose of decision
making (e.g. damage detection, control etc.) needs strong intervention as system parameters alone can converge at
diﬀerent values. A combined evaluation of system matrices and modal characteristics (i.e. natural frequencies, mode
shape) are necessary to judge the overall health of the structure.
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